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C^ ' Abstract 

This article is devoted to the investigation of structure of wrap 
ly/ ', groups of connected fiber bundles over the fields of real R, complex 

r*n ' C numbers, the quaternion skew field H and the octonion algebra O. 

Iterated wrap groups are studied as well. Their smashed products are 

constructed. 
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1 Introduction. 

Geometric loop groups of circles were first introduced by Lefshetz in 1930-th 
00 '. and then their construction was reconsidered by Milnor in 1950-th. Lefshetz 

^ I has used the C*^-uniformity on families of continuous mappings, which led 

• I to the necessity of combining his construction with the structure of a free 

(^ ■ group with the help of words. Later on Milnor has used the Sobolev's H^- 

'^ ■ uniformity, that permitted to introduce group structure more naturally [26] . 

The construction of Lefshetz is very restrictive, because it works with the 
C° uniformity of continuous mappings in compact-open topology. Even for 
rS ' spheres S*" of dimension n > 1 it does not work directly, but uses the iterated 

c^ ■ loop group construction of circles. Then their constructions were generalized 

for fibers over circles and spheres with parallel transport structures over C. 
Smooth Deligne cohomologies were studied on such groups [5]. 

Wrap groups of quaternion and octonion fibers as well as for wider classes 
of fibers over R or C were defined and various examples were given together 
with basic theorems in [12] . In that paper a construction of wrap groups was 
done with the help of Sobolev uniformities, that has permitted to consider 
wide families of manifolds and fiber bundles. This paper continues previous 
works of the author on this theme [l3l EH [TH EHl [E]. Wrap groups are 



generalizations of geometric loop groups from spheres onto a wider class of 
manifolds and fiber bundles over them. 

Geometric loop groups have important applications in modern physical 
theories (see [H [23] and references therein). Groups of loops are also in- 
tensively used in gauge theory. Wrap groups can be used in the membrane 
theory which is the generalization of the string (superstring) theory. 

In paper [12] wrap groups of fiber bundles over quaternions and octonions 
were defined and investigated and numerous examples were described. This 
article is devoted to investigation of their structure and uses notations and 
results of the previous work. Besides quaternion and octonion also real and 
complex fiber bundles are considered with wrap groups for them. Smashed 
products of wrap groups are constructed. Iterated wrap groups are studied 
as well. 

All main results of this paper are obtained for the first time and they are 
given in Theorems 2, 6, 9, 10, 20, 21, Propositions 3, 7, 8, 12, 13, 17 and 
Corollary 11. 

Remind the basic definitions and notations. 

1. Note. Denote by Ar the Cayley-Dickson algebra such that ^o = R-, 
^1 = C, ^2 = H is the quaternion skew field, ^3 = O is the octonion 
algebra. Henceforth we consider only < r < 3. 

2.1. Remark. If M is a metrizable space and K = Km is a closed subset 
in M of codimension codim-R. N > 2 such that M \ K = Mi is a manifold 
with corners over Ar, then we call M a pseudo-manifold over Ar, where Km 
is a critical subset. 

Two pseudo-manifolds B and C are called diffeomorphic, if i? \ Kb is 
diffeomorphic with C \ Kc as for manifolds with corners (see also O l24j). 

Take on M a Borel cr-additive measure u such that u on M\K coincides 
with the Riemann volume element and i^{K) = 0, since the real shadow of 
Ml has it. 

The uniform space Hp{Mi, N) of all continuous piecewise if* Sobolev 
mappings from Mi into N is introduced in the standard way [HI [20|, which 
induces Hp{M,N) the uniform space of continuous piecewise if* Sobolev 
mappings on M, since i^{K) = 0, where R 9 t > [m/2] + 1, m denotes the 
dimension of M over R, [k] denotes the integer part oi k E H, [k] < k. Then 
put H^{M,N) = f]fyrnHp{M,N) with the corresponding uniformity. 

For manifolds over Ar with 1 < r < 3 take as Hp{M, N) the completion 
of the family of all continuous piecewise vA^-holomorphic mappings from M 
into A^ relative to the if* uniformity, where [m/2] + 1 < t < 00. Henceforth 
we consider pseudo-manifolds with connecting mappings of charts continuous 
in M and if^' in M \ A^m for < r < 3, where t' > t. 

2.2. Note. Since the octonion algebra O is non-associative, we consider 



a non-associative subgroup G of the family Matq{0) of all square g x g 
matrices with entries in O. More generally G is a group which has a if^ 
manifold structure over Ar and group's operations are if* mappings. The G 
may be non-associative for r = 3, but G is supposed to be alternative, that 
is, {aa)h = a{ab) and a{a~^b) = b for each a,b & G. 

As a generalization of pseudo-manifolds there is used the following (over 
R and C see [HI IM]). Suppose that M is a Hausdorff topological space of 
covering dimension dim M = m supplied with a family {h : U ^ M} of the 
so called plots h which are continuous maps satisfying conditions {Dl — DA): 

{Dl) each plot has as a domain a convex subset U in A^, n G N; 

{D2) if /i : f/ — > M is a plot, l^ is a convex subset in A^ and g : V ^ U 
is an Hp mapping, then ho g is also a plot, where t > [m/2] + 1; 

{D3) every constant map from a convex set U in A" into M is a plot; 

(D4) if [/ is a convex set in A^ and {Uj : j G J} is a covering of U 
by convex sets in A^, each Uj is open in U, h : U ^ M is such that each 
its restriction h\u. is a plot, then h is a plot. Then M is called an H^- 
differentiable space. 

A mapping f : M ^ N between two ifp-differentiable spaces is called 
differentiable if it continuous and for each plot h : U ^ M the composition 
f o h : U ^ N is a plot of N. A topological group G is called an H^- 
differentiable group if its group operations are ifp-differentiable mappings. 

Let E, N, F be if* -pseudo-manifolds or H^ -differentiable spaces over 
Ar, let also G be an Hp group over Ar, t < t' < oc. A fiber bundle 
E{N, F, G, 11, \1/) with a fiber space E, a base space A^, a typical fiber F 
and a structural group G over Ar, a projection ii : E ^ N and an atlas 
\1/ is defined in the standard way O EH [33] with the condition, that transi- 
tion functions are of if* class such that for r = 3 a structure group may be 
non-associative, but alternative. 

Local trivializations (pj o n o ^P^^ : Vk{E) -^ Vj{N) induce the H^- 
uniformity in the family W of all principal Hp -fiber bundles E{N, G, vr, \1/), 
where Vk{E) = ^^([/^(E)) C X^iG), V,iN) = ^UjiN)) C X(Ar), where 
X{G) and X{N) are ^^-vector spaces on which G and A^ are modelled, 
(?7fc(-E),^fc) and {Uj{N),(j)j) are charts of atlases of E and A^, ^^ = ^f, 
0, = 0f . 

liG = F and G acts on itself by left shifts, then a fiber bundle is called the 
principal fiber bundle and is denoted by E{N,G,7i, \1/). As a particular case 
there may be G = ^*, where A* denotes the multiplicative group Ar \ {0}. 
UG = F = {e}, then E reduces to A^. 

3. Definitions. Let M be a connected if*-pseudo-manifold over Ar, 
< r < 3 satisfying the following conditions: 



(i) it is compact; 

(ii) M is a union of two closed subsets over Ar Ai and A2, which are 
pseudo-manifolds and which are canonical closed subsets in M with AinA2 = 
dAi n dA2 =: As and a codimension over R of As in M is codim-£iAs = 1, 
also A3 is a pseudo-manifold; 

(iii) a finite set of marked points So,i, •••,So,fc is in dAi fl 9^2, moreover, 
(9Aj are arcwise connected j = 1,2; 

(iv) Ai\dAi dind A2\dA2 are i^p-diffeomorphic with M\ [{so,i, ..., so,fc}U 
{As \ Int{dAi n dA2))] by mappings Fj{z), where j = 1 or j = 2, 00 > t > 
[m/2] + 1, m = dim-EiM such that if* C C° due to the Sobolev embedding 
theorem [25], where the interior Int{dAi fl 9^42) is taken in dAi U dA2. 

Instead of (iv) we consider also the case 

{iv') M, Ai and ^2 are such that {Aj \ dAj) U {so,i, ..., So,fc} are 
C°([0, 1], Hp{Aj, Aj))-retractable on Xq,, fl Aj, where Xo^q is a closed arcwise 
connected subset in M, j = 1 or j = 2, so,g G Xo,^, Xo,g C Km, <? = 1, •••, ^, 
codim-R, Km > 2. 

Let M be a compact connected iip-pseudo-manifold which is a canonical 

closed subset in A[ with a boundary dM and marked points {so,^ G 9M : 
g = 1, ..., 2k} and an ii^-mapping 'E : M ^i- M such that 

(f ) H is surjective and bijective from M \ dM onto M \ 'E{dM) open in 
M, H(so,g) = S(so,fc+g) = so^q for each g = 1, ..., fc, also (9M C H(9M). 

A parallel transport structure on a H^ -differentiable principal G-bundle 
E{N, G, Tc, \Ef) with arcwise connected E and G for ilfp-pseudo-manifolds M 
and M as above over the same Ar with t' >t + l assigns to each if* mapping 
7 from M into X and points Ui, ...,Uk G i^yg, where yo is a marked point in 
N, hq = 7(so,g), g = 1, •••, k, a unique ifp mapping P^^^ : M ^ E satisfying 
conditions (PI — P5): 

(PI) take J : M ^ N such that 7 = 7 o S, then Pxf^u{So,q) = Uq for each 
q = I, ..., A; and vr o P^„ = 7 

(P2) P^ u is the ifp-mapping by 7 and u; 

(P3) for each x E M and every G DifHp{Ad, {so,i, ..., So,2A,}) there is the 
equality P;^,„(0(x)) = P^o0,«(a;), where P)?/ii'*(M, {so,i, ..., so,2fe}) denotes 
the group of all H^ homeomorphisms of M preserving marked points 4>{so,q) = 
So,q for each q = I, ■■■, 2k; 

(P4) P^u is G-equivariant, which means that PA^^uzix) = P^u(x)z for 
every x E Ad and each z E G; 

(P5) if U is an open neighborhood of So,q in M and 70,71 : f/ ^ X are 
ifp -mappings such that 7o(so,g) = 7i(so,(?) = ^g and tangent spaces, which 
are vector manifolds over Ar, for 70 and 71 at Vq are the same, then the 



tangent spaces of P^^^u and P^^^^u at Uq are the same, where q 

U = {Ui,...,Uk). 



Two Hp -differentiable principal G-bundles Ei and E2 with parallel trans- 



p 



port structures {Ei,Pi) and (i?2, P2) are called isomorphic, if there ex- 
ists an isomorphism h : Ei ^ E2 such that P2,^,u{x) = /i(Pi_^^/i-i(m)(x)) 
for each -ffp-mapping ■y : M -^ N and Ug G {E2)yg, where q = l,...,k, 
h~\u) = {h-\u^),...,h-\uu)). 

Let {S^^E)t^H := (^^^'^^"•«^''=i'-'^>E; A^, G, P)t,H be a set of i7*-closures of 
isomorphism classes of Hp principal G fiber bundles with parallel transport 
structure. 



2 Structure of wrap groups 

1. Proposition. The if™ uniformity in L{S'^,N) (see §2.10 in JT^) for 
m > 1 is strictly stronger, than the m times iterated H^ uniformity. 

Proof. If / G //'", then d'' f{x)/dx\\..dx^^ G L^ for each < A; < m, 
k = ki + ... + km, < kj, j = 1, ..., m. But g oim times iterated H^ uniformity 
means that d'^g{x)/dx\^ ...dx^ G L^ for each < /c < m, /c = fci + ... + km, 
< kj < 1, j = 1, ..., m. The latter conditions are weaker than that of H"^. 
For m > 1 there may appear g for which such partial derivatives are not in 
L^, when 1 < kj < m. Using transition mappings of charts of atlases At{M) 
and At{N) and applying this locally we get the statement. 

2. Theorem. For a wrap group W = {W'^E)tH (see Definition 2.7 
fT^) there exists a skew product W = W^W which is an if! alternative Lie 
group and there exists a group embedding of W into W , where I = t' — t 
(I = 00 for t' = ooj, E = E{N, G, vr, \E') is a principal G-bundle of class H^ 
with t' > t > [dim{M)/2] + 1. If G is associative, then W is associative. 
Moreover, the loop group L{S^,E) is H^ isomorphic with {W^ E)t,H in the 
particular case of S^. 

Proof. Let W he a set of all elements ((^lai 0(720.2) ^ {W^BY, where B 
is a free non-commutative associative group with two generators a, 6, ab ^ ba, 
gi,g2 G W. Take in W the equivalence relation: gig2a®g2b= gieB<^eeB, for 
each gi,g2 G W, where e and cb denote the unit elements in W and in B. 

Define in W the multiplication: 

{giai ® g2a2)®{gi.a'i ® g^ai) := ((5'ifi'3)(cna3) ® (fi'4fi'2)((ar^«4ai)a2) 
for each gi, g2-i 93, 94 ^ W and every ai, 02, 03, 04 G B, hence 

(e (g) 9iai)^{e (g) 5^202) = e® (5'25'i)(«2ai), 

{giai (g) e)®{g2a2 ® e) = igig2){aia2) ® e, 

{giai (g) e)(g)(e (g) 5'4a.4) = 910-1 (g> 94{ai^a4ai), 



(e (g) gia4)®{giai ® e) := giai ® 5(404. 
Thus this semidirect product W of groups {W ® B) ®* (W ® B) is non- 
commutative, since h~^aha^^ 7^ e, where e := e x e^, ®'' denotes the semidi- 
rect product, ® denotes the direct product. 

Consider the minimal closed subgroup A in the semidirect product W 
generated by elements {gig2a ® g2i>)®{.gi^B ® ee^)"^, where B is supplied 
with the discrete topology and W is supplied with the product uniformity. 
Then put W := W /A =: W^W and denote the multiplication in W as in 
W. 

Therefore, W has the group embedding 6 : g \-^ {ges ® e) into W and the 
multiplication mKgieB ® e), (^'265 e)] = {giCB ® e)®{g2^B ® e)]. 

On the other hand, {gai ® e)®(e gaia2ai^) = gai ® (702 = (e ® e) =: e, 
e = eA = y4 is the unit element in W and (e 5'aia2ar^) = (5"^i ® c)^^ is 
the inverse element of {gai e), where 02 G i? is such that (ai ® 02)®^ = 
(e ® e)®A = A in VT, Oi = eai, that is ai ® a2=e e in 14^. 

From preceding formulas it follows, that W is noncommutative and al- 
ternative. As the manifold W is the quotient of the H^ manifold W^ by 
the Hp equivalence relation, hence W is the if* differentiable space, since 
Conditions {Dl — D4) of §2.1.3.2 [12] are satisfied. The group operation and 
the inversion in W combines the product in W and the inversion with the 
tensor product and the equivalence relation, hence they are Hp differentiable 
with l = t' -t,l = 00 iort' = 00, (see §§1.11, 1.12, 1.15 in [3l| and §2.1.3.1 

in m)- 

Then ((s-i^O 5'2)®(5'3 ® 5'4))®(5'5 ® Oe) ■= {{9193)95 ® 9&{9a92)) and 

(fl-i ® g2)®{{gz ® gi))(S){g5 ® ge)) := {gi{gzgb) ® {g&gi)g2)- 

Therefore, W is alternative, since W is alternative (see Theorem 2.6.1 [12] ) 
and B is associative. If G is associative, then W is associative and W is 
associative. 

Consider the commutator 

[{giai ® g2a2)®{gza^ ® giai)]®[{giai ® 5^202)""^® 
(S's^s ® 5'4a4)""^] = {((5'i5'3)(aia3) ® (fi'45'2)((ar^«4ai)a2))® 
[(fi^r^ar^ ® 5'2"^(aia2"^ar^))®(5'3'^a3'^ ® fi'4"^(a3ar^%^))] 
= ((5'i5'3)(aia3) ® {9i92){{ai^a4ai)a2)®{{gi^g^^){a^^al^) ® {gl^g2^) 
{ai{a^al^a^^)a'{^){aia2^a^^))) = {{{gig3){gl^g3^)){aia'3a'l^a^^)'» 
{{g4^g2'^){g4g2)){{aia3y^[{{aia3)a^^{aia3)~'^){aia2'^ai'^)]{aia3)){{ai^a4ai)a2] 

The minimal closed subgroup generated by products of such elements 
is the commutant Wc of W. The group {W'^N)t,H is commutative (see 
Theorem 6(2) [I2|). We have B/B^ = {e}, the quotient group G/Gc = Gab 
is the abelianization of G, particularly if G is commutative, then Gab = G, 
where Gc denotes the commutant subgroup of G. Therefore, 



{W'^'E; N, G, P\H/m^'E- N, G, P\h]c = {W^'E; N, G^t, P)t,H 
and inevitably W/W^ = {W^E; N, Gab, P)t,H- 

Using the equivalence relation in W we get W/Wc = (W'^^E; N, Gab, P)t,H- 

In the particular case oi M = S^ iov g E W take f & g, that is < / >t,H= 
g. The equivalence class of / relative to the analogous closures of orbits of 
the right action of the subgroup Dif f^{S^,so) preserving a marked point 
and an orientation of 5^ induced by that of / = [0, 1] denote by [f]t,H, then to 
[f]t,H put into the correspondence ga^e in W, while to [f^]t,H counterpose 
e ® gaba~^, where f~{x) := /(I — x) for each x G [0, 1], the unit circle S^ is 
parametrized as 2; = e^'"*^, z E S^ (Z C, x G [0,1]. Their equivalence classes 
{ga ® e)^A and (e ® gaba~^)^A in W give elements in W. 

Since [f]~}j := [f~]t,H and [/i V f2\t,H = [fi]t,H[f2\t,H, then W is isomor- 
phic with L{S^,E)t^H- 

3. Proposition. // there exists an iJ* -dijfeomorphism r] : N ^ N 
such that ri{yo) = yo' , where t < t' then wrap groups {W^^E; yo)t,H and 
{W^^ E; yo')t,H defined with marked points y^ and yo' are H^-isomorphic as 
Hp-differentiable groups, where I = t' — t for finite t' , I = 00 for t' = 00. 

Proof. Let / G Hp{M,E), then rj o n o /(so,g) = viVo) = Vo for each 
marked point So,q in M, where tt : E -^ N is the projection, vr o / = 7, 7 
is a wrap, that is an if^-mapping from M into A^ with 7(so,g) = yo for q = 
1, ....,k. The manifold N is connected together with E and G in accordance 
with conditions imposed in [12]. Consider the ilf* -diffeomorphism 77 x e of 
the principal bundle E. Then 9 : H^i^M, W) -^ Hj^{M, W) is the induced 
isomorphism such that vr o 9(/) := rj o n o f : M -^ N and {rj x e)o f = ©(/) 
for / G Hp{M,E). The mapping 6 is H^ differentiable by /, hence it gives 
the Hp isomorphism of the considered ifp-differentiable wrap groups (see 
Theorem 6(1) [T2]). 

4. Remark. As usually we suppose, that the principal bundle E, its 
structure group G and the base manifold A^ are arcwise connected. Let 
iV'^ E)t^H be a space of equivalence classes < / >t,H of / G Hp{M, W) 
relative to the closures of orbits of the left action of DifHp{M; {so,q : Q = 
l,...,k}). This means, that {V^^ E)t,H is the quotient space of if^(M, VT) 
relative to the equivalence relation Rt^H- 

There is the embedding 6 : i7^(M,'{so,g : g = 1, ..., fc}; W) ^ H^iM; W) 
and the evaluation mapping ev : Hp{M; W) -^ N'' such that ev{f) := 

(/(soj : Q = k + l,..,2k), eVsoAf) ■= /(W, where / G ff^(M; l^) is 
such that / = /oH,S:M-^Mis the quotient mapping. We get 
the diagram i7^(M, {sq,, : q = l,...,k};W) -^ Wp{M;W) -^ N'' with H^ 
differentiable mappings, which induces the diagram Hp'-~^^{M, {so,g : q = 
1, ..., k}; W, yo) ^ H^iM, Hl;\M, {so,, : g = 1, ..., k}- W, yo) ^ if^''(M, {so,, : 



g = 1, ..., k}; W, yo) for each / G N, where H'/+\M, {so,g : g = 1, •.., k}; W, y^) := 
Hl{M, {so,, : g = 1, ..., fc}; i7*''(M, {so,^ : g = 1, ..., fc}; W, yo)), i^*''(M, {so,^ : 
g = l,...,/c};iy,?/o) := -f^p(^, {so,? : <? = 1, •••, ^j; W^,l/o)- Therefore, there ex- 
ist iterated wrap semigroups and groups {S^^E)i+i-t,H '■= {S'^^S^ E)i;t,H)t,H 
and {W^E)i+^,t,H := {W^iW"^' E)i,t,H)t,H, where '(>^E)i;i,H := {S'^'EyH 
and (W^^^)i;t,H := {W^'E\h. 

Evidently, if there are i7* and H^^ diffeomorphisms p : M ^ Mi and 
r] : N ^ Ni mapping marked points into respective marked points, then 
H^p{M, W) is isomorphic with Hj^^Mi, Wi) and hence {W^E)b.t,H is Hj, iso- 
morphic as the ifp-manifold and if^-isomorphic as the if^-Lie group with 
{W^^^Ei)b-t,H for each 6 G N, where / = t' - t, / = oo for t' = oo, t' > 
t > [dim{M)/2] + 1. If / : A^ — ;► A^i is a surjective map and N is an if*- 
differentiable space, then N inherits a structure of an ifp-differentiable space 
with plots having the local form f o p : U ^ Ni, where p : U -^ N is a plot 
of iV. 

5. Lemma. Let E be an if* principal bundle and let D be an ev- 
erywhere dense subset in N such that for each y G D there exists an open 
neighborhood V of y in N and a differentiable map p : V ^ Hp{M, {so,g : 
g = l,...,k};V,y) := {/ G /7*(M; \/) : f{so,g) = y,q = l,...,k} such that 
^'^SQ^qipiy)) = y for each g = 1, ..., 2k and each y E N, where p o S = tt o p. 
Then ev : Hp{M; W) —>■ N^ is an H^ differentiable principal {S'^^ E)t,H bun- 
dle. 

Proof. Let {{Vj.yj) : j G J} be a family such that yj G V^ fl D for 
each i and there exists pj : Vj -^ Hp{M, {so,g : g = 1, ..., k}; Vj,yj) so that 
Pj{so,q){y) = y X e ioT each g = l,...,2k and every j, where {Vj : j E J} 
is an open covering of N, y is a constant mapping from M into Vj with 
y{M) = {y}, where pj{so,q) is the restriction to Vj of the projection ]5(so,g) : 
[V^ E)t,H -^ E, while pj(E{x)){y) = vr opj{x){y x e) for each y E N and 
X = E{x) in M, where x eM,E: M ^ M. Then {W^^E)t,H and {V^ E^h 
are supplied with the ifp-differentiable spaces structure (see Remark 4 above 
and Theorem 6 pJ]), where the embedding {S'^'^ E)t,H ^^ {,'P^E)t,H and the 
projection eVs^g : {V^ E)t,H -^ N are if^-maps. 

Let ipj G DifHp{N) such that il>j{y) = yj- Specify a trivialization (pj : 
Pj^{sQ,g){Vj) -^ Vj X [S^'^ E)t,H of the restriction ]3j(so,g)|v, of the projection 
Pi(so,g) : {V^^E)t,H -^ Ehj the formula 0j(/) = {f{h,q),'4'j°Pj{sQ,q){f)) foi^ 
each / G (V^' E)t,H with vr o /(so,g) = y, where ijj opj{f) = i)j{pj{f)). Then 

4>J^{y,9) = g'^i^j °Pj{y)) =■ v, v ^ {V^^E)t,H with tto^jo /(so,g) = %•, 

since G is a group, where g = ipj °Pj{f)- Finally the combination of the 
family {eWso,g '■ q = k + 1, ...,2k} induce the mapping ev : Hp{M; W) -^ N'^. 
By the construction a fiber of this bundle is the monoid {S^^E)t,H- 



6. Theorem. If N is a smooth manifold over Ar (holom,orphic for 1 < 
r < 3 respectively) , then there exists an Ht^-differentiahle principal {S^E)i^h 
bundle ev : iV^E)t,H -^ N''. 

Proof. In view of Lemma 5 it is sufficient to prove that for each y E N 
there exists a neighborhood U oi y in N and an if *-map Pq : U ^ Hp{M, W) 
such that eVsQg{pg{z)) = z for each q = I, ■■■, k, z E U, where ev^if) = f{x). 

In M consider a rectifiable curve (q : [0, 1] — * M joining So,g with So,g+fc, 
where I < q < k. Then consider a coordinate system (xi, ...,Xm) in M such 
that xi corresponds to a natural coordinate along (q. This coordinate system 
is defined locally for each chart of M and Xi is defined globally. 

Consider a real shadow N^ of N, then A^r, is the Riemann C°° manifold. 
Thus there exists a Riemannian metric g in N. For each y E N there exists 
a geodesic ball U at y oi radius less than the injectivity radius exp^ for g. 
Then there exists a map Pq : U ^> {V^^U)t,H with tt o [p^(so,g+fc)(-2)] = z 
and TT o [pq{sQ^q{z)] = y for each z E U, where PqO Cq ='■ 'lq,y,z is the shortest 
geodesic in U joining y with z, 7g,y,^ : [0, 1] -^ N, %^y^^ o Cg'^aji) e A^ for 
each Xi. Having initially Jq^y^z extend it to Pq on M with values in E such 

that Pq oE = 71 O Pq. 

7. Proposition. (1). The wrap group {W^E; N,G,P)t,H is the princi- 
pal G^ bundle over {W^N)t,H- 

(2). The abeUanization [(w^E- N, G, P)t,H]ab of the wrap group {W^E; N, G, P)t,H 
is isomorphic with (W^E; N, Gab, P)t,H- 

(3). For n > 2 the iterated loop group {L'^" E)t,H is isomorphic with the 
wrap group {W^"E)t,H for the sphere S" and a principal fiber bundle E for 
dimuN > 2 with k = 1. 

Proof. 1. The bundle structure n : E ^ N induces the bundle structure 
TT : {W^E; N, G, P)t,H ^ {W^N)t,H, since ttoP^ ,, = 7. In view of Lemma 5 
it is sufficient to show, that there exists a neighborhood Uc of e in (W'^E)t^H 
and a G-equivariant mapping (p : Ug ^ (W'^N)t,H- Let < P^^^ >t,H^ 
{W^E)t,H, where 7:M^A^, 7 = 70^, 7:M-^A^, 7(so,g) = yo for each 
q = 1, ...,k. Then tt o P^„ = 7 and P^^u is G-equivariant by the conditions 
defining the parallel transport structure, that is P^ ^^(x)^; = P^ „^(a;) for each 
X E M and z E G and every u E Ey^y We have that uG = vr~^(|/) for each 
u E Ey and y E N . 

Therefore, put = tt*, where tt* < P^„ >t,H=< l,u >t,H and take 
Ug = Ti^^iU), where f/ is a symmetric U"^ = U neighborhood of e in 

The group G acts effectively on E. Since G is arcwise connected, then 
G'' acts effectively on (W'^E)t,H- Indeed, for each (g from §6 there is gq E G 
corresponding to 7(so,g+fc) withPp^^So,gxe{so^q+k) = {VoXgq} e Ey^, gq E G for 
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every q = l,...,k. Moreover, 'K^'^{n^{< P^^„ >t,H)) =< P^,u >t,H G^. Then 
the fibre of tt : {W^ E-N,G,^)t,H -^ iW"^ N\h is C" . Due to Conditions 
2(P1 — P5) [l2] it is the principal G^ diff'erentiable bundle of class H^. 

2, 3. In view of Proposition 1 the loop group {L^"E)i^h is everywhere 
dense in the n times iterated loop group {L^ {■■■{L^ E)i^h---)i,h, while the 
wrap group {W^" E)i^h is everywhere dense in the n times iterated wrap 
group (W^ E)n-iH for each / > n. For each n > m there exists the natural 
projection n^ : S*" — > S"" which induces the embeddings {W^"" E)t^H ^^ 
{W^"'E)t,H and {L^'"" E)t,H '^^ {L^'^E)t^H in accordance with Corollary 9 
[T2] . since k = 1 and choosing a marked point sq G S'^. Therefore, due 
to dim-£iN > 2 the considered here wrap and loop groups are infinite dimen- 
sional. Therefore, statements (2, 3) follow from (1) and the proof of Theorem 
2 above and Proposition 11 [12] in accordance with which the iterated loop 
group {L^ {■■■{L^ E)i^H---)i,H is commutative. 

8. Proposition. If E is contractible, then {V^^ E)t^H is contractible. 
Proof. Let g : [0,1] x E ^ E he a contraction such that g is continuous 

and 5^(0, z) = z and g{l, z) = yo x e for each z E E. Then for each / e 
Hp{M, W) we get g{0, f{x)) = f{x) and g{l, f{x)) = yo x e for each x e M. 
Moreover, g{s,< f >t,H) C< g{s, f) >t,H for each s G [0,1], since / G 
g^^{< g{s, /) >t,H) and g is continuous while < g{s, f) >t,H by its definition 
is closed in Hp{M,W), where gs{z) := g{s,z). Therefore, id = g{0,*) : 

{V^E\h - {V''E\h and ^(1, {P''E\h) =< Wo >t,H. 

8.1. Notation. Denote hy Homl{{W^'E)t,H,G) ov Homl{{S^^E\H,G) 
the group or the monoid oi H^ differentiable homomorphisms from (W'^^E)t^H 
or {S^E)t^H respectively into G. By A^ is denoted the multiplicative group 
of A\{0}, where < r < 3. 

9. Theorem. Let DifH^ (N) acts transitively on N, t < t'. For each 
H°° manifold N and an H^ differentiable group G such that A* C G with 
1 < r < 3 there exists a homomorphism of the H^ differentiable space of all 
equivalence classes of {V'^^E)t^H relative to DifH^{N) (see §§1.3.2 and 3 
fTB^) and HomH{S^E)t^HiG^). They are isomorphic, when G is commuta- 
tive. 

Proof. Mention that due to Theorem 6 the if*-differentiable princi- 



pal {S E)t,H bundle ev : (V E)t^H — * N has a parallel transport struc 

ture Pxf^uz{.x) = pAf^u{x)z for each x E M and all 7 G H^{M,N) anc 



u E ev ^(7(so,A:)) and every z E G and the corresponding j : M ^ N 
such that 70^ = 7. Ifa; = So,g with I < q < k, then P gives the iden- 
tity homomorphism from {S^^ E)t,H into {S^^E)t,H- If : {S^^ E)t,H ^ G^ 
is an Hp differentiable homomorphism, then the holonomy of the associated 

parallel transport P^ on the bundle {V'^'^ E)t^H x^ G ^ N^ is the homomor- 
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phism 6 : {S^'^E)t^H -^ G^ (see §2.3 in [12j). At the same time the group 
G contains continuous one-parameter subgroups from ^*, where 1 < r < 3. 
If (? G {W^^ N)t,H and (? 7^ e, then g is of infinite order, since Wq does not 
belong to (7" for each n 7^ non-zero integer n, where wq{M) = {yo}. 

This holonomy induces a map h : {V^E)t,H/Q ^ Homl{{S^^E)t,H,G^), 
where Q is an equivalence relation caused by the transitive action of DifH^ (N) 
such that {S'^^E)t,H with distinct marked points either {so,g : g = 1, ..., k} in 
M and yo or yo in N are isomorphic, since there exists ^|J G DifH^ (N) such 
that ^(1/0) = yo- 

If G is commutative, then this map is the homomorphism, since {S^^E)t^H 
is the commutative monoid for a commutative group G (see Theorem 3.2 
[T2] ) and 'uP^^,t,^(xi)P^2,''2(^2) = uPa/2^v2{x2)P^i,vi{xi) for each a;i,X2 G M 
and u,vi,V2 G -Eyg. There is the embedding {S^^ E)t,H "^ (W^^^-E')*,^, hence 
a homomorphism ^ : (Ty^-E')i // — *> G'^ has the restriction on {S^ E)t^H which 
is also the homomorphism. 

For G D ^* there exists a family of / G Homp{{S^'' E)tM, G^) separating 
elements of the wrap monoid {S'^E)t,H, hence there exists the embedding of 
{S^E)t,H into Homl{{S^E)t,H, G'^).' The bundle {V^^E)t,H x^ G ^ N'' has 
the induced parallel transport structure P^. The holonomy of the parallel 
transport structure on (V'^N)t^H x^ G — > A^^ is 9. Therefore, the map 
H'p{{S^^^E)t,H, G^)3e^ P^ is inverse to h. 

10. Theorems. Suppose that M2 ^ Mi and M = Mi \ (M2 \ SMa) and 
M2 ^ Ml andM = Mi\{M2\dM2) and N2 ^ Ni are H^p-pseudo-manifolds 
with the same marked points {so,q : g = 1, ..., k} for Mi and M2 and M and 
yo G N2 satisfying conditions of §2 fT^ and G2 is a closed subgroup in Gi 
with a topologically complete principal fiber bundle E with a structure group 
Gi. 

1. Then (iy*^2,{so,,:g=i,...,fc}^. jy^^ ^^^^ p^^^^ ^^^^ ^^ embedding as a closed 

subgroup into {W^^^^^'°^^'-'i='^'-'^^E-Ni,Gi,V)t,H- 

2. The wrap group (iy^2,{so,q:g=iv,fe}^. jy^ (^2, P)i,H is normal in 
(^yj/Mi,{so,9:5=i,...,fc}^. jY^ (^^^ p^^^ ^j ^^^ ^^j^y ^j Q^ ^g Q normal subgroup in 

Gi. 

3. In the latter case (W^^E; N,G,P)t,H is isomorphic with 
{W^'^E;N,Gi,P)t,H/iW^''E-,N,G2,P)t,H, where G = G1/G2. 

Proof. 1. If 72 G Hp{M2,N2), then it has an H^ extension to 71 G 
Hp{Mi, Ni) due to Theorem III. 4.1 p5j. Therefore, the parallel transport 
structure P-yi,^ over Mi serves as an extension of P^j.n over M2. The uni- 
form spaces Hp{Mj,{so,i, ■■.,so,k}',Wj,yo) are complete for j = 1,2, since 
the principal fiber bundle E is topologically complete and the correspond- 
ing principal fiber sub-bundle E2 with the structure group G2 is also com- 
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plete (see Theorem 8.3.6 \4\). Therefore, ifp(M2, {so,i, ..., So,^}; W^2, 2/o) has 

embedding as the closed subspace into ifp(Mi, {so,i, ..., So,fc}; W^i, 2/o)- Each 

Hp diffeomorphism of M2 has an if* extension to a diffeomorphism of Mi 

(see also §111.4 in [25] and [35]). Since G2 is a closed subgroup in Gi, then 

(^5'M2,{so,q:g=i,...,fc}^. jY^ (-^^ p^^^ j^g^g ^^ embedding as a closed sub-monoid 

into (S^h,{so,,:Q=i,-,k}E; A^i, Gi, P)t,H and inevitably (iyA^2.W,,:g=i,...,fc}^. jVa, G2, P)t,H 

has an embedding as a closed subgroup into (H/^^i'i^o, 9:9=1, ■■■,fc}^- ]\[_^^ q^^ P)t,H 

due to Theorem 6.1 [T2] . 

2. The groups (iy^j''f'*0'9:9=iv,fc}jY^^^ for j = 1,2 are commutative and 
(iyM,-{so,,:q=i,...,fc}^)^^^ jg i-jjg (^fc principal fiber bundle on (iy*^i'{«o>«^'?=i.-.'=}A^)^^^ 
(see Theorem 6.2 |12j and Proposition 7.1 above). Therefore, (iyA^2,{so,,:g=i,...,fc}^)^^ 
is the normal subgroup in (W^^'^^°'''''^^^''"'''^ E)t,H if and only if 6*2 is the nor- 
mal subgroup in Gi. 

3. Consider the principal fiber bundle E{N, G, n, \E') with the structure 
group G (see Note 1.3.2 [12]) and the parallel transport structure P for 
the Hp pseudo-manifold M, where G = G1/G2 is the quotient group. If 
7i G Hp{Mi,N), then 71 is the combination 

(«) 7i = 72 V7, 
where 72 and 7 are restrictions of 71 on M2 and M correspondingly. On 
the other hand, each 7 G Hp{M,N) has an extension 71 G H^i^Mi, N). The 

manifold Mi is metrizable by a metric p. For each e > there exists ip G 
DifWpiMr, {so,, : g = 1, -, 2fc}) such that (^(M) n M2) C U?=i B{M^, xu e) 
for some Xi G Mi with / = 1, ..., s and s G N and V'Imi\(mU''_ B{Mi,x,,e)) = ^'^' 
since Mi and M2 are compact pseudo-manifolds. Therefore, using Lemma 
2.1.3.16 [20] and charts of the manifolds gives 

< ^^,u\m >t,H = < Pji,u\mi >t,H I < P72,«|m2 ^t,H 

due to decomposition (i), since P7,u|mj G Gj for j = 1,2 and G = G1/G2 
is the ifp quotient group with t' > t. Consequently, {W^^ E; N, G, P)t,H is 
isomorphic with 
{W^^E;N,GuP)t,H/iW^''E;N,G2,P)t,H (see also §§3, 6 tl2j). 

11. Corollary. Let suppositions of Theorem 10 be satisfied. Then 
{W^^N)t,H is isomorphic with iW^^^N)t,H/iW^^^N)t,H- 

Proof. For {W^^N)t,H taking G = Gi = G2 = {e} we get the statement 
of this corollary from Theorem 10.3. 

12. Proposition. Suppose that M = Mi V M2, where Mi and M2 
are H^-pseudo-manifolds satisfying Conditions 2.2{i — v) [T^ with the bunch 
taken by marked points {so,g : q = l,...,k}, then {W^N)t^H is isomorphic 
with the internal direct product {W^^^N)t,H ® {W^^^N)t,H- 

Proof. The manifold M has marked points {so,g : q = l,...,k} such 
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that So,g corresponds to So,g,i glued with So,q,2 in the bunch Mi VM2 for each 
q = l,...,/c, where So,gj G M, are marked points j = 1,2. Since each M, 
satisfies Conditions 2.2(2 — v) [l2], then M satisfies them also. 

In view of Theorem 10.1 (W^^'^'^°-''''^^^''"'''^N)t,H has an embedding as a 
closed subgroup into {W^^'^"'''''-''=^'-'''^N)t,H for j = 1, 2. If 7^- e W^iMj, {so,q : 
q = l, ..., /c}; iV, yo) for J = 1, 2, then 71V72 G i/*(M, {so,g : g = 1, ..., fc}; N^yo) 
On the other hand, each 7 G Hp{M, {so,g : g = 1, •••, /c}; iV, Vo) has the decom- 
position 7 = 7i V 72, where 7j = 7|mj for j = 1,2. Therefore, < 7 >t,H=< 
7i V u;o,2 >t,i/ V < u7o,i V 72 >t,/i', where Wo{M) = {yo}, Woj = Wo\m, for 
J = 1,2, hence {W^^N)t,H is isomorphic with {W^'N)t^H ® (W^^'iV)*,^. 

13. Propositions. 1. Zet 9 : Ni ^ N be an embedding with 9{yi) = yo, 
or F : El ^ E be an embedding of principal fiber bundles over Ar such that 
7roF|jv^xe = ^oTTi, then there exist embeddings 9^ : iW^Ni)t^H -^ {W^^N)t^H 
and F, : iW^Ei)t,H ^ (W^'^^)t,ff • 

2. If 9 : Ni ^ N and F : Ei ^ E are a quotient mapping and a 
quotient homomorphism such that Ni is a covering pseudo-manifold of a 
pseudo-manifold N, then {W^'^ N)t jj is the quotient group of some closed 
subgroup in {W^^Ni)t^H and {W'^^E)tH is the quotient group of some closed 
subgroup in (W^^Ei)t,H- 

3. // there are an H^ diffeomorphism /i : M — * Mi and an H^ - 
isomorphism f2 : E —^ Ei, then wrap groups (W^^^Ei)t,H and (W'^'^E)t^H 
are isomorphic. 

Proof. 1. If 71 G H'p{M,{so,g : q = 1, ..., fc}; A^i, yi), then ^ o 71 = 
7 G Hp{M,{so,q : q = 1, ...,k}; N,yo), < 7 >t,H= 9^ < 71 >t,H, where 
9^: < 7i >t,H'-= {9 o f '■ fRt,Hli}- In addition F\e^„ gives an embedding 
F : Gi -^ G, where Gi and G are structural groups of Ei and E. Therefore, 
for the parallel transport structures we get 



(l)Fopi (x) = P 



71, -UV-^/ ^ 7:"" 



X) 



for each x G M, where F{v) = u, it o F = 9 o ni, where P^ is for Ei and 
P for E. Define F^ < Pi^ ^ >t,H-= {Fog: gRt^nP^^^v}- Since 9 and F are 
Hp differentiable mappings, then 6'=,, and F^ are embeddings of Hp manifolds 
and group homomorphisms of H^ differentiable groups (see also Theorems 6 

2. If 7 G if*(M, {so,g : q = I, ...,k}] N,yQ), then there exists 71 G 
Hp{M,{sQ^q : q = 1, ...,k}; Ni,yi) such that 6* o 71 = 7, since A^i is a cov- 
ering of A^, that is each y E N has a neighborhood Vy for which 9~^(yy) 
is a disjoint union of open subsets in A''i for each y E N . This 71 exists 
due to connectedness of M and 7(M), where 7(M) C N . To each parallel 
transport in Ei there corresponds a parallel transport in E so that Equation 
(1) above is satisfied. Put 9~^ < 7 >t,H= {< 7i >t,H'- 9 o •y^ =7} and 
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F~^ < P^,„ >t,H-= {< P],,^ >t,H- F o P^^^^ = P^„}, where F{v) = u. 

This gives quotient mappings 6^ and F* from closed subgroups 0~^{W^ N)t^H 
and F-^{W^E)t,H in {W^^Ni)t,H and {W^Ei)t,H respectively onto {W^N)t^H 
and {W^ E)t,H by closed subgroups 0~^{e) and F~^(e) correspondingly. 

3. We have that g G ifp(M, {so,g : g = 1, ..., A;}; W^, yo) if and only if 
/2 o 5' ° /r^ e i?p(Mi, {so,g,i : g = 1, ..., A;; 1^1,1/1), where /i(so,g) = So,g,i for 
each g = 1, ..., fc, /2(2/o x e) = yi x e. At the same time ip G DifH^{M) if 
and only if /i o ?/; o /^"^ G DifH^{Mi). Hence {S^^E)t^H is isomorphic with 
{S^'^Ei)t,H and inevitably wrap groups (W'^^E)i_jy and {W^^Ei)t,H are if^ 
diffeomorphic as manifolds and isomorphic as H^ groups. 

14. Note. If A^ is a manifold not necessarily orientable, then it contains 
up to equivalence of atlases a connected chart V open in N such that y E V 
and V is orientable. Since {W'^^E\v)t,H is the infinite dimensional group, 
then {W^E)t^H is also infinite dimensional even if N is not orientable due 
to Proposition 13.1. If N is not orientable, then there exists an orientable 
covering manifold A^i and a quotient mapping 6* : iVi — > A^ as in Proposition 
13(2) (see also about coverings and orientable coverings in §§50, 51 [29], 
§§11.4.18,19 PI). 

It is necessary to mention that some circumstances of wrap groups are 
related also with their infinite dimensionality. 

15. Note. Let G be a topological group not necessarily associative, but 
alternative: 

(Al) g{gf) = {gg)f and ifg)g = f{gg) and g-^gf) = f and ifg)g-' = f 
for each f,gEG 

and having a conjugation operation which is a continuous automorphism of 
G such that 

(CI) conjigf) = conj{f)conj{g) for each gj EG, 

(C2) conj{e) = e for the unit element e in G. 

If G is of definite class of smoothness, for example, Hp differentiable, then 
conj is supposed to be of the same class. For commutative group in particular 
it can be taken the identity mapping as the conjugation. For G = ^* it can 
be taken conj{z) = z the usual conjugation for each z G A*, where 1 < r < 3. 

Suppose that 

(y42) G = Goio © Giii © ... © G'2'--ii2'--i such that G is a multiplicative 
group of a ring G with the multiplicative group structure, where Gq, ..., G'2'_i 
are pairwise isomorphic commutative associative rings and {zq, ...,Z2'-i} are 
generators of the Cayley-Dickson algebra Ar, 1 < r < 3 and {yiii){ysis) = 
{yiys){iiis) is the natural multiplication of any pure states in G for yi E Gi. 
For example, G = {A*X and G = ^^ 

16. Lemma. // G and K are two topological or differentiable groups 
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twisted over {zq, ..., i2'-i} satisfying conditions 15{A1,A2,C1,C2) and K is 
a closed normal subgroup in G, where 2 < r < 3, then the quotient group is 
topological or dijferentiable and twisted over {io, ...,i2r-i}. 

Proof. Since G = Gq^o © GiH © ••• © G2r-ii2r-i, where Go, ...,G'2'-i are 
pairwise isomorphic, then G/K = {Gq/ KQ)iQ®---® {G 2^-1/ K2r -1)12^-1 is also 
twisted. Each Gj is associative, hence G/K is alternative, since 2 < r < 3 
and using multiplicative properties of generators of the Cayley-Dickson alge- 
bra Ar- On the other hand, conj{K) = K, hence conj{gK) = Kconj{g) = 
conj{g)K G G/K and conj{ghK) = conj{gh)K = {conj{h)conj{g))K = 
{conj{h)K){conj{g)K) = conj{hK)conj{gK) = conj{gKhK). 

The subgroup K is closed in G, hence by the definition of the quotient 
differentiable structure G/K is the differentiable group (see also §§1.11, 1.12, 
1.15 in [M]). 

17. Proposition. Let rj : Ni ^ N2 be an H^ -retraction of H^ man- 
ifolds, N2 C Ni, ri\N2 = id, yo G N2, where t' > t, M is an H^ manifold, 
E{Ni, G, vr, \1') and E{N2, G, tt, ^) are principal if* bundles with a structure 
group G satisfying conditions of §2 fW^ . Then rj induces the group homo- 
morphism r/, from {W^^E; Ni, G, P)t,H onto {W^^E; N2, G, P)t,H- 

Proof. In view of Proposition 7(1) the wrap group {W^^E; Ni, G, P)t,H is 
the principal G^ bundle over (W^^A^i)*,^. Extend rj to ^ : E{Ni, G, tt, *) -^ 
E{N2, G, Tc, \1') such that 7120-^ = rjOTT^ and pr2o{} = id : G ^ G, where pr2 : 
Ey^G is the projection, y e Ni. life /7^(M, A^i), then r/o/ := r]{f{*)) e 
H^p{M,N2). If /(so,q) = 1/0, then ?7(/(so,g)) = yo, since yo e N2. Since 
N2 C A^i, then if^(M, A^a) C if*(M,iVi). The parallel transport structure P 
is over the same manifold M. 

Put ?7*(< Pj^u >t,H) =< P»?o7,« >t,H, where 7 : M ^ A^i. In view of 
Theorems 2.3 and 2.6 pjj r]*{< P^^^u V Py2,u >t,H= r]*{< P'yuu >t,H)r]*{< 
P^2,u >t,H), and we can put r]*{q~^) = [^*(?)]~^, consequently, r/* is the 
group homomorphism. Moreover, for each g G {W^'^ E; N2, G, P)t,H there 
exists q G {W'^^E; Ni,G,P)t,H such that rj^:{q) = g, since 7 : M — > A^2 and 
A^2 C Ni imply •y : M ^ Ni, while the structure group G is the same, hence 
rj^ is the epimorphism. 

18. Definition. Let G be a topological group satisfying Conditions 
15(A1, A2, Gl, G2) such that G is a multiplicative group of the ring G, where 
1 < r < 2. Then define the smashed product G^ such that it is a multiplica- 
tive group of the ring G^ := G ^i G, where / = i2r denotes the doubling 
generator, the multiplication in G ®/ G is 

(1) (a + 6/)(c + vl) = {ac — v*b) + {va + bc*)l for each a, b,c,v E G, where 
V* = conj{v). 

A smashed product Mi®iM2 of manifolds Mi, M2 over Ar with dim{Mi) = 
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dim{M2) is defined to be an Ar+i manifold with local coordinates z = (x, yl), 
where x in Mi and y in M2 are local coordinates. 

Its existence and detailed description are demonstrated below. 

19. Proposition. The ring G^ has a multiplicative group C^ containing 
all a + bl j^ with a,b & G. If G is a topological or H^ dijferentiable ring 
over Ar for t > dim{G) + 1, then G^ is a topological or H^ differentiable over 
Ar+i ring. 

Proof. For each 1 < r < 2 the group G is associative, since the gen- 
erators {zo, ...,«2'--i} form the associative group, when r < 2. An element 
a + 6Z e G'' is non-zero if and only if (a -(- bl){a + bl)* = aa* + bb* ^0 due to 
15(A1, A2, CI, C2) and 18(1). Fova + bl^O put u = {a* - lb*)/{aa* + bb*), 
where aa* + bb* G Go, hence u{a + bl) = (a + bl)u = 1 G Gq, since Gj is 
commutative for each j = 0, ...,2'" — 1, where Gj denotes the multiplicative 
group of the ring Gj. For r < 2 the family of generators {io, ..., Z2r+i_i} forms 
the alternative group, hence G'^ = GqIq ® ... ® G'2r+i_i is alternative, where 
Gj are isomorphic with Gq for each j. 

If an addition in G is continuous, then evidently (a + bl) + (c + ql) = 
(a + c) + (6 + q)l is continuous. If the multiplication in G is continuous, then 
Formula 18(1) shows that the multiplication in G^ is continuous as well. 

We have the decomposition Ar+i = Ar © AJ. If G is if* differentiable. 



then from the definition of plots it follows, that G'^ is if* differentiable over 
Ar+i (see also in details 20(1 — 5)). 

20. Theorem. Let Mi,M2 and Ni,N2 be H^ manifolds over Ar with 
1 < r < 2, and let G he a group satisfying Conditions ^5(^41, A2, Gl, G2), let 
also Mi®iM2, Ni®iN2 be smashed products of manifolds andC^ he a smashed 
product group (see Proposition 19), where dim{Mi) = dim{M2), dim{Ni) = 
dim{N2), t > m.ax{dim{Mi) , dim{Ni) , dim{G)) + 1. Then the wrap group 

^|yMi®,M2;{so,,M®,so,„,2:i=l,...,fci;«=l,...,fc2}^.JVi (g); N2,G',P')t,H is twistcd OVCr 

{io, •••,'^2'-+i-i} (^nd is isomorphic with the smashed product 

^rM2■Aso,.,2■.v=l,...M}E■ Ni, (H/Mi;{«o,,.i:j=i,...,fei}^. jv^, G, Pi)t,H, P2)t,H®i 

^/M2;{so,.,2-^=l,...M}E; N2, (H/*^i;{^o,..i:i=l,...,fei}^. ^^^ Q, Pl)t,H, pJjIh of twicC 

iterated wrap groups twisted over {io, ...,12^-1}. 

Proof. Let Mt, and Ni, be H^ manifolds over Ar with 1 < r < 2, 
6 = 1,2 and let G be a group satisfying Conditions 15(A1, ^42, Gl, G2) such 
that E{Nb,G,7!','^) is a principal G-bundle. Consider the smashed prod- 
ucts Ml 0; M2, A^i ®i N2 of manifolds and the smashed product group G** 
(see Proposition 19), where t > m.eix{dim{Mi) , dim{Ni) , dim{G)) + 1, where 
dim{Mh) is a covering dimension of M^ (see ^), dim{Mi) = dim{M2), 
dim{Ni) = dim{N2). For v4t(Mfe) = {{Uj^bAj,b) ■ j} an atlas of Mb its 
connecting mappings (f)jfi o (p^j^ are Hp functions over Ar for Uj^b H Ukfi 7^ 0, 
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where 0^;, : Uj^h ^ -^r- are homeomorphisms of f/j?, onto (j)j^b{Ujfi). Then 
Ml 0; M2 consists of all points {x,yl) with x G Mi and y G M2, with the 
atlas At{Mi 0/ M2) = {(t/j,i 0/ f/g,2, 0i,i ®i 4>q,2) ■ j, q} such that 0j,i ®/ 0^,2 : 
Uj^i ®i Uq^2 -^ -^T+iJ where m is a dimension of Mi over Ar- Express for 
z = X + yl & Ar with x,y G Ar numbers x, y in the z representation, 
then denote by 6j^q mappings corresponding to 0^ 1 ®z 0^,2 in the z repre- 
sentation, hence the transition mappings 9j^g o ^^^ are H^ over .4.^+1, when 
(f/j,! (S)i f/g,2) n {Uk,i (S)i f/„,2) ^ 0. Therefore, Mi (g)i M2 and Ni ^i N2 are H^ 
manifolds over ^r+i- 

In view of the Sobolev embedding theorem each if* mapping on Mi ®i M2 
or A''i ®; A^2 or G^ is continuous for t satisfying the inequality 

t > m.a.x{dim{Mi) , dim{Ni) , dim{G)) + 1, where dim{Mi) = dim{M2), 
dim{Ni) = diin{N2). 

Each locally analytic function /(x, y) = fi{x, y) + /2(x, y)l by x G t/ and 
y & V can be written as the locally analytic function hy z = x + yl with 
values in Ar+i, where U and V are open in A^, fb{x,y) is a locally analytic 
function with values in A!^ , 6 = 1,2, m, w G N. Indeed, write each variable 
Xj and yj through Zj with the help of generators of Ar+i, where Xj, yj G Ar, 
Zj G ^r+i, X = (xi,...,Xm) G A^ , z = {zi,...,Zm) G A'^_^i (scc Formulas 
2.8(2) and Theorem 2.16 [lEj). If -2 G A+i, then 

(1) z = Voio + ... + V2r+i-ii2r+i-i, where Vj G R for each j = 0, ..., 2'"+-'^ — 1, 

(2) vo = iz+ (T^^ - 2)-H-^ + E,Cr' ^.(^S*)})/2, 

(3) Vs = (is(2''+^ - 2)-^{-z + Ef=i~^ ijizi*)} - zij)/2 for each s = 
1, ...,2^"'"^ — 1, where 2;* = 5 denotes the conjugated Cayley-Dickson number 
z. At the same time we have ioi z = x + yl with x,y & Ar, that 

(4) X = voio + ... + V2r-ii2r-.i and 

(5) y = {v2ri2r + ... + f2'-+i_ii2'-+i-i)^*, 
where Z = i2r denotes the doubling generator. 

Therefore, /(x, y) becomes Ar+i holomorphic using the corresponding 
phrases arising canonically from expressions oiXj,yj through Zj by Formulas 
(1 — 5). The set of holomorphic functions is dense in H^ in accordance with 
the definition of this space, hence using a Cauchy net we can consider for 
each /i, /2 G H^ over Ar a representation of a function / = /i + /2^ belonging 
to Hp over A+i (see also [TSlfTS]). 

Then E{Ni^iN2, G^ vr^ ^^) is naturally isomorphic with E{Ni, G, tti, ^i)(? 
E(iV2,G',7r2,^2), where TT^ = TTi ® 772/ : E{N^0iN2,G',7r',<i'') ^ N^ 0i N2 
is the natural projection. 

If 7 : Ml (g)/ M2 -^ Ni ®/ A^2 is an H^ mapping, then 7(2;) = 7i(x,y) x 
-f2{x,y)l, where x G Mi and y G M2, z = {x,yl) G Mi®iM2, 7b : Mi®iM2 -^ 
Nb- We can write 7fe(x, y) as (76,i(x))(y) a family of functions by x and a 
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parameter y or as {'^b,2{y)){'x) a family of functions by y with a parameter x. 
If ?7fe a : Ma — > A^fe, then 'Pf^^^^u^^a denotes the parallel transport structure on 

M, over E(Arf„G, 716,^5). 

Then P?,„(2;) = [P^^,^,ur,i{x)][P^^^^,urM] ®i [^^2,i,u.Ax)][Y'^^^^^u2;2{y)\ G 
Eyg{Ni (g)/ N2, G^, TT^, \E'*) is the parallel transport structure in Mi ^i M2 in- 
duced by that of in Mi and M2, where u e EyJ{Ni(S)iN2, G^ tt'', \E'''), m = Mi®^ 
M2, Mb e Ey^^^{Nh, G, 1Tb, ^b), 1/0,6 e A^fe is a marked point, b = l,2,yo = |/o,i ^i 
l/o,2- Then P* is C equivariant. Therefore, < P? „ >t,H=< P-yi.ui >t,H ^i < 

'Pj2,U2 >t,H = < [P7i.i,«i;l(a^)][P7i.2,«i;2(l/)] >t,H ®« < [P72,i:«2;2(a;)][P72,2,«2;2(l/)] >t,H, 

where P%,ut is the parallel transport structure on Mi^iM2 over E{Nb, G, iib, \E'fe), 
6 = 1,2. 

Hence (l^^i®iA^2;{so.i.i®i^o...2y=l,...,fci;«=l,...,fc2}^. jy^ ^^ ^^^ ^s^ ps)^^^ jg jgQ_ 
morphic with the smashed product 

iyM2;{so,„.2:^.=i,...,fc2}^. JY2, (i^Mi;{so.,M:i=i,...,fei}^. jy^^ ^^ Piji^H, pJjIh of it- 
erated wrap groups. 

21. Theorem. There exists a homomorphism of iterated wrap groups 
: {W^E)a;oo,H®iWE)b.,oo,H -^ iW^E)a+b;oo,H for each a,beN, where G 
is an H^ group, E{N, G, tt, ^) is the principal H^ bundle with the structure 
group G. Moreover, if G is either associative or alternative, then 9 is either 
associative or alternative. 

Proof. Consider iterated wrap groups (W'^E)a-oo,H as in §4, a G N. If 
7a : M" — * A^, 7fe : M^ -^ N are H^ mappings such that 7b(so,ji x ... x SqjJ = 
I/O for each ji = l,...,k and / = 1,...,6, then 7 := 7^ x 7^ : M" x M^ -^ 
N X N = N^, where M"- x M'' = M"+^ soj are marked points in M with 
j = 1, ..., k and |/o is a marked point in A^, H^ = fltgN-f^p- This gives the 
iterated parallel transport structure Pxf^u;a+b{x) := P%,ua;a{xa) ® P-y^,„;f,(xfe) 
on M"'+^ over ^(A^^, G^ tt, ^), where Ub G Ej^(,(A^, G, vr, ^), u = Ua x Ub e 

The bunch M^ V M^ is taken by points Sj^,...jj in M'', where Sj^^,,,j^ : = 
Soji X ... xsoji, with ji, ..., jfe G {1, ..., /c}; Sqj are marked points in M with j = 
1,'..., k. Then (M" V M") x (M^ V M^) \ {sji,...j^^, : ji = 1, ..., A;; / = 1, ..., a + 
6} is Hi homeomorphic with M"+^ V M"+^ \ {sji,...,i„+6 ^ ii = l,--,^;^ = 
1, ...,a + 6}, since Sji,...j„ x Sj„+i,...,j„_|_[, = ■^ji,...,ja+b ^^^ each ji, ...,ja+b- There 
is the embedding DifH^{M'') xbifH^(M^) ^ DifH^{M''+^) for each 
a, 6 G N. If fa G DifH'^{M"-) having a restriction /a|x„ = id, then faX fb & 
DifH^{M''+') and /, x Mi,„xx, = id for iT, C M^ Put e{< P^„,„„;„ >oo,//;a 

' < -P76,M6;fe >oo,H;b) =« P%,ua;a >oo,H;a ® < P%,Ub;b >oo,H;b> oo, H]a+b IS the 

group homomorphism, where the detailed notation < * >t,H;a denotes the 
equivalence class over the manifold M" instead of M, a G N. 

Therefore, < P^yfi,u;a+b > 00, H;a+b'- = « P%Vfia,Ua;a >oo, H;a ® < P%yfii,,ut;b > oo,H;b> oo,H;a+b 
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) >oo, H;a+b 

^< (< ^%,Ua;a ^oo,H;a ^ < rx^^^utib ^QO,H;b)[^ ^fia,Ua;a >oo,_f/;a ® < ^fi^,u^;b ^oo,H;b 

) >oo, H;a+b 

^<< -t^7a,Wa;a ^oo,H;a ® < ■r^j,,M^;{i >cio,ii';fe>oo,_H';a+b<< ^fja,Ua;a ^oo, H;a ® < 

^fii,,ui,;b ^oo,H;b^oo,H;a+b 

)■ 

Thus ^ is the group homomorphism. 

The mapping i7~(M^iV)xi7p°°(M^iV) 3 {-faX-fb) ^ {-fa,lb) e H^{M''+\N^) 
is of ii/^ class. The multiplication in G" is H^ for each f G N, since it is such 
in G, since the multiplication in G^ is (ai, ..., a„)x (61, ..., 6„) = (ai6i, ..., a„h„), 
where G^ is the w times direct product of G, ai, ..., a„, bi, ...,by G G. 

The iterated wrap group (W'^E)i-t,H for the bundle £^ is the principal 
G*^^ bundle over the iterated commutative wrap group (W^N)i.t,H for the 
manifold A^, since the number of marked points in M' is kl, where E is the 
principal G bundle on the manifold iV, / G N. Thus the iterated wrap group 
is associative or alternative if such is G. In view of Proposition 7 and Remark 
4 the homomorphism 6 is of H°^ class. From the wrap monoids it has the 
natural H^ extension on wrap groups. 

If G is associative, then 

^ -f^7,«;a+b+D ^OD,H;a+b+v ^^ l^^ ^^a,Ua;a ^oo, H;a ^ ^ ^^t,ui,;b ^oo,H;b 
) ^00, H;a+b ® < t^%,Uv;v ^ oo ,H \v^ oo ,H \a+b+v 

^<< ^^a,Ua;a ^oo,H;a 'S)[< -T^jj^uj^jf, >oo,H;b ^ < -r7„,M„;i; ^qo,H;v) ^oo,H;a+b+v^ 
9{9{< 'P^^^ua;a >t,H;a, < P%,ut;b >t,H;b), < P%,Uy;v >t,H;v) 
^(< 'P%,Ua;a >t,H;a,0{< P^b,Ub;b >t,H;b), < P%,u^;v >t,H;v)), 

consequently, 9 is the associative homomorphism. 
If G is alternative, then 

^ ^ ^,u;a+a+b ^ oo,H;a+a+b ^^ l,^ ^ 'yayUajCi ^ oo, H;a '&' ^ -t'^^^^M^;a ^ oo, H;a 
) ^QO, H;a+a ® < t^%,Ub;b ^oo,H;v^ oo, H;a+a+b 

^<< P%,Ua;a >oo,_ff;a 'S)['C rXf^^Ua;a ^oo,H;a ® < rx^i^^ufjb ^oo, H;b) ^oo,H;a+a+b^ 
9{6{< P^„,u„;a >t,H;a, < P%,Ua;a >t,H;a), < P%,Ui;b >t,H;b) 
^(< P%,Ua;a >t,H;a,9{< Pxf^^Ua;a >t,H;a), < P%,ut;b >t,H;b)), 

consequently, the homomorphism 6 is alternative from the left, analogously 
it is alternative from the right. 
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